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Abstract
In this paper, we generalize a result of N. Dinculeanu which characterizes norm compactness in the
Bochner space Lp(G;B) in terms of an approximate identity and translation operators, where G is a lo-
cally compact abelian group and B is a Banach space. Our characterization includes the case where G is
nonabelian, and we weaken the hypotheses on the approximate identity used, providing new results even
for the case B = C and G = Rn.
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1. Introduction
The classical Kolmogorov–Riesz–Tamarkin theorem characterizes norm compact subsets Γ
of Lp(Rn) in terms of the uniform convergence (in the Lp norm) of families of convolution
and translation operators, where a translation operator T h is defined by (T hf )(x) = f (x − h)
and a convolution operator J is given by (Jf )(x) = ∫
Rn
j (y)f (x − y)dy for an appropriate
kernel j (for a brief history of this theorem see [2,7]). Many authors have generalized this the-
orem to Lp(X) where X is more general than Rn and for function spaces that are more general
* Current address: Mathematics Department, University at Buffalo, Buffalo, NY 14260–2900, USA.
E-mail address: jbi2@buffalo.edu.0022-247X/$ – see front matter © 2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.jmaa.2005.11.018
1008 J. Isralowitz / J. Math. Anal. Appl. 323 (2006) 1007–1017than the classical Lebesgue spaces Lp . One such generalization is the following result, due to
N. Dinculeanu [2, Section 5]:
Theorem 1. Let G be a locally compact abelian group with Haar measure μ and B be a Banach
space. A bounded subset Γ of the Bochner space Lp(G;B), 1  p < ∞, is relatively norm
compact iff
(1) for any A ⊆ G with μ(A) < ∞, the set {∫
A
f (y)dμ(y): f ∈ Γ } ⊆ B is relatively norm
compact in B ,
(2) for any  > 0, there exists a compact S ⊆ G such that
∀f ∈ Γ, ‖f ‖p;G\S < ,
and one of the following is true:
(3a) let V be a basis of relatively compact neighborhoods of the identity in G, and for each
V ∈V let uV be a positive, bounded, symmetric function which vanishes outside V where
‖uV ‖1;G = 1. Then limV∈V ‖uV ∗ f − f ‖p;G = 0;
(3b) for any  > 0, there exists a neighborhood Θ of the identity such that
∀f ∈ Γ, h ∈ Θ ⇒ ∥∥T hf − f ∥∥
p;G < .
Here we let
‖f ‖p;A =
(∫
A
∥∥f (x)∥∥p
B
dμ(x)
) 1
p
where ‖ · ‖B is the Banach space norm.
We generalize the above result in two ways. First, we generalize the theorem to include the
case where G is nonabelian. Second, we weaken the hypotheses in property (3a). More specifi-
cally, we show that property (3a) can be replaced by the following: for any  > 0 and compact
S ⊆ G provided by property (2), there exists j ∈ Lp′(G) such that ∀f ∈ Γ,‖j ∗ f − f ‖p;S < ,
where p′ is the conjugate exponent of p and where j has compact support if G is nonabelian or
p = 1. We note that our weakening of these hypotheses appears to be new even for the classical
cases B = C and G = Rn.
2. Preliminary results
In this section we provide some preliminary results that will be needed to prove our main
theorem. We start by introducing some relevant definitions and notation. In the rest of the paper,
G will denote a locally compact group with left invariant Haar measure μ. For 1  p < ∞
and a Banach space B,Lp(G;B) will denote the space of μ measurable functions f :G → B
satisfying ‖f ‖pB ∈ L1(G), where Lp(G) denotes the standard Lebesgue space of complex valued
functions. The integral
∫
A
f (x)dμ(x) over a set A will also be written as
∫
A
f (x)dx. We refer
the reader to [4, Chapter 3] for further properties of the Bochner integral.
We let Δ denote the continuous homomorphism from G into R+ defined by Δ(x)μ(A) =
μ(Ax−1), which by the definition of the Bochner integral implies that
∫
G
f (yx)dy =
Δ(x)
∫
f (y)dy.G
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= ∫
G
j (xy)f (y−1) dy. The convolution can be defined equivalently as = ∫
G
j (y)f (y−1x)dy,
since the left invariance of μ implies that
∫
G
h(xy)dy = ∫
G
h(y)dy for any x ∈ G and any
Bochner integrable function h [2, Section 3].
If we require that j has compact support when either G is nonabelian or p = 1, then the con-
tinuity of Δ and Hölder’s inequality implies that j ∗ f gives us a well-defined function from G
to B . Moreover, Lemma 7 and the fact that G is locally compact will imply that j ∗ f is contin-
uous on G so that j ∗ f ∈ Lrloc(G;B) for any r  1, where Lrloc(G;B) denotes the space of μ
measurable functions f :G → B such that ‖f ‖r;K < ∞ for every compact K ⊆ G.
The main component in the proof of our main result will be Lemma 7. Before proving this
lemma, however, we need an elementary result regarding the integration of functions in Γ over
sets of small measure.
Definition 2. A subset Γ ⊆ L1(G;B) is called uniformly integrable on S ⊆ G if for any  > 0,
there exists δ > 0 such that
∀f ∈ Γ, A ⊆ S and μ(A) < δ ⇒ ‖f ‖1;A < .
Lemma 3. Let Γ ⊆ L1(G;B) be bounded and let S ⊆ G be compact. For any  > 0, assume
that there exists j ∈ L∞(G) with compact support V such that
∀f ∈ Γ, ‖f − j ∗ f ‖1;S < .
Then Γ − is uniformly integrable on S where Γ −1 = {f −: f ∈ Γ } and f − denotes the function
defined by f −(x) = f (x−1).
Proof. First we show that for fixed j , the set j ∗ Γ = {j ∗ f : f ∈ Γ } is uniformly integrable
on G. Note that as V is compact, there exists m > 0 where Δ(y−1) > m for all y ∈ V since Δ
has a (nonzero) minimum on V −1. Let ‖f ‖∞;V denotes the essential supremum ‖f ‖B over V .
Thus, we have
‖j ∗ f ‖1;A 
∫
A
(∫
V
∣∣j (xy)∣∣∥∥f (y−1)∥∥
B
dy
)
dx

(‖j‖∞;V )μ(A)
∫
V
∥∥f (y−1)∥∥
B
dy
= (‖j‖∞;V )μ(A)
∫
V
(
Δ(y−1)
Δ(y−1)
)∥∥f (y−1)∥∥
B
dy
<
1
m
(‖j‖∞;V )μ(A)
∫
V
Δ
(
y−1
)∥∥f (y−1)∥∥
B
dy
 1
m
(‖j‖∞;V )μ(A)
∫
G
∥∥f (y)∥∥
B
dy
M ′μ(A),
where M ′ does not depend on f ∈ Γ , and so j ∗ Γ is uniformly integrable on G.
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choose j ∈ L∞(G) with compact support, satisfying
∀f ∈ Γ, ‖f − j ∗ f ‖1;G  2 .
Since {j ∗ f : f ∈ Γ } is uniformly integrable on G, choose δ > 0 so that
μ(A) < δ ⇒ ∀f ∈ Γ, ‖j ∗ f ‖1;A < 2 ,
and so
μ(A) < δ ⇒ ∀f ∈ Γ, ‖f ‖1;A  ‖f − j ∗ f ‖1;A + ‖j ∗ f ‖1;A < .
Finally, let S ⊆ G be compact and let A ⊆ S. By compactness, there exist m and M such that
0 < m < Δ(y−1) < M for all y ∈ S. Thus, if f ∈ Γ , we have∫
A
∥∥f (y−1)∥∥
B
dy <
1
m
∫
A
Δ
(
y−1
)∥∥f (y−1)∥∥
B
dy
 1
m
∫
G
Δ
(
y−1
)(
χA−1
(
y−1
)∥∥f (y−1)∥∥
B
)
dy
= 1
m
∫
G
(
χA−1(y)
)∥∥f (y)∥∥
B
dy
= 1
m
∫
A−1
∥∥f (y)∥∥
B
dy.
However,
μ
(
A−1
)=
∫
G
χA−1(x) dx =
∫
G
χA−1
(
x−1
)
Δ
(
x−1
)
dx < M
∫
G
χA−1
(
x−1
)
dx = Mμ(A).
Therefore, since Γ is uniformly integrable on G, we have that Γ − is uniformly integrable
on S. 
Before we state and prove Lemma 7, which is crucial to our main result, we will need two
preliminary results, the first of which is a norm compactness criteria for general normed spaces
and was proven in [3, Lemma 3].
Lemma 4. Let S be any set, F be a normed space with norm ‖ · ‖F , and {fα} be a generalized
sequence of functions with fα :S → F .
If f :S → F is a function such that limα ‖fα(s) − f (s)‖F = 0 uniformly for s ∈ S, and if
each fα(S) is relatively norm compact in F , then f (S) is relatively norm compact in F .
The second preliminary result is the following form of the Ascoli–Arzela theorem, which is
a special case of the general theorem [5, Section 47]. First we introduce some relevant notation
and definitions.
Let S be a subspace of G. We let CB(S) denote the Banach space of all continuous B valued
functions on S endowed with the “sup” norm supx∈S ‖f (x)‖B .
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if for any  > 0, there exists a relative neighborhood Nx ⊆ S of x such that
x′ ∈ Nx ⇒ ∀f ∈ K,
∥∥f (x) − f (x′)∥∥
B
< .
If K is equi-continuous on all of S, we say K is equi-continuous on S.
Lemma 6. Let S be a compact Hausdorff space and B a Banach space. A subset K ⊆ CB(S) is
relatively norm compact iff
(1) K is equi-continuous on S,
(2) for every s ∈ S, the set K(s) = {f (s): f ∈ K} is relatively norm compact in B .
Lemma 7. Let Γ ⊆ Lp(G;B) be bounded and let j ∈ Lp′(G) where j has compact support
if either G is nonabelian or p = 1. Moreover, assume that when A ⊆ G and μ(A) < ∞, then
{∫
A
f −(y) dy: f ∈ Γ } ⊆ B is relatively norm compact in B .
Suppose that S ⊆ G is compact and contains the identity. Then (j ∗ Γ )|S is relatively norm
compact in CB(S) where (j ∗Γ )|S = {(j ∗ f )|S : f ∈ Γ } and (j ∗ f )|S is the restriction of j ∗ f
to S.
Proof. We first remark that we will show the existence of each {∫
A
f −(y) dy: f ∈ Γ }. We now
check that (j ∗Γ ) is equi-continuous on S. Assume that p > 1, G is nonabelian, and supp j = V
is compact. Let SV denote the set {sv: s ∈ S, v ∈ V } so that V ⊆ SV since S contains the
identity. Since Γ is bounded and SV is compact, we can choose M > 0 such that
∀f ∈ Γ,
( ∫
SV
∥∥f (y−1)∥∥p
B
dy
) 1
p
< M.
Then using Hölder’s equality, we compute that
∥∥(j ∗ f )(x) − (j ∗ f )(x′)∥∥
B

∫
V
∣∣j (xy) − j (x′y)∣∣∥∥f (y−1)∥∥
B
dy

(∫
V
∣∣j (xy) − j (x′y)∣∣p′ dy
) 1
p′
(∫
V
∥∥f (y−1)∥∥p
B
dy
) 1
p
M
(∫
V
∣∣j (xy) − j (x′y)∣∣p′ dy
) 1
p′
.
This clearly shows equi-continuity, since j is translation continuous in the Lp′ norm. If G is
abelian and p > 1, then unimodularity implies that j does not need compact support.
If p = 1 and G is not necessarily abelian, choose any  > 0. Since Lemma 1 states that Γ − is
uniformly integrable on SV , we can choose δ > 0 so that
A ⊆ SV and μ(A) < δ ⇒ ∀f ∈ Γ, ‖f −‖1;A < 4‖j‖∞;A .
By Lusin’s theorem, we may choose a compact F ⊆ SV where
μ(SV ) − μ(F) < δ
2
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uous function g on SV , which provides us with a continuous g :SV → C and a compact F ⊆ SV
such that j = g on F , where
μ(SV ) − μ(F) < δ
2
.
Since g has compact support, for any x ∈ G, there exists a relative neighborhood Nx ⊆ S of x
such that
x′ ∈ Nx ⇒
∣∣j (xy) − j (x′y)∣∣= ∣∣g(xy) − g(x′y)∣∣< 
2M
for all y ∈ (x−1F ∩ x′−1F).
Thus fixing x and fixing any such x′, we find that
∥∥(j ∗ f )(x) − (j ∗ f )(x′)∥∥
B

∫
V
∣∣j (xy) − j (x′y)∣∣∥∥f (y−1)∥∥
B
dy

∫
SV \(x−1F∩x′−1F)
∣∣j (xy) − j (x′y)∣∣∥∥f (y−1)∥∥
B
dy
+
∫
(x−1F∩x′−1F)
∣∣j (xy) − j (x′y)∣∣∥∥f (y−1)∥∥
B
dy
<

2
+
∫
(x−1F∩x′−1F)
∣∣j (xy) − j (x′y)∣∣∥∥f (y−1)∥∥
B
dy
<

2
+ 
2M
∫
(x−1F∩x′−1F)
∥∥f (y−1)∥∥
B
dy < .
Therefore, we have
∀f ∈ Γ, ∥∥(j ∗ f )(x) − (j ∗ f )(x′)∥∥
B
< .
Since x ∈ S was arbitrary, it follows that j ∗ Γ is equi-continuous on S.
Now we check that the set (j ∗ Γ )(s) = {(j ∗ f )(s): f ∈ Γ } is relatively norm compact
in B for every s ∈ S. Although Dinculeanu proved this for G abelian, and although the proof is
nearly identical for G nonabelian, we nevertheless present the proof for the sake of completeness.
Assume that μ(A) < ∞ ⇒ {∫
A
f −(y) dy: f ∈ Γ } is relatively norm compact in B and that G is
not necessarily abelian.
Let j be a simple function of the form j (y) =∑αiχAi (y) where each Ai has finite measure
and where the sum is taken over finitely many i. Then we have
(j ∗ f )(x) =
∑
αi
∫
G
χAi (xy)f
(
y−1
)
dy =
∑
αi
∫
x−1Ai
f
(
y−1
)
dy.
Thus, since each {∫
x−1Ai f (y
−1) dy: f ∈ Γ } is relatively norm compact in B , we have that
(j ∗ Γ )(x) = {∑αi ∫ −1 f (y−1) dy: f ∈ Γ } is relatively norm compact in B .x Ai
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show that (jn ∗f )(x) → (j ∗f )(x) uniformly for f ∈ Γ . To that end, again let 0 < m < Δ(y−1)
on V , so from Hölder’s inequality we have
∥∥(jn ∗ f )(x) − (j ∗ f )(x)∥∥B 
∫
G
∣∣jn(y) − j (y)∣∣∥∥f (y−1x)∥∥dy
 ‖jn − j‖p′;V
(∫
V
∥∥f (y−1x)∥∥p
B
dy
) 1
p
<
(Δ(x))
1
p
m
‖jn − j‖p′;V
(∫
V
∥∥f (y)∥∥p
B
dy
) 1
p
 M
m
(
Δ(x)
) 1
p ‖jn − j‖p′;V
where Γ is norm bounded by M .
Thus, (jn ∗ f )(x) → (j ∗ f )(x) uniformly for f ∈ Γ . Note that if G is abelian, then unimod-
ularity implies that j does not need compact support. Also note that if j has compact support V ,
then we may assume that A ⊆ V so that A is relatively compact, and therefore each ∫
A
f −(y) dy
exists.
Finally, by Lemma 4, each (j ∗ Γ )(x) for x ∈ K is norm compact in B . Therefore, by
Lemma 6, we are done. 
We note that if G is abelian or compact, then unimodularity implies that the following two
statements are equivalent:
(1) A ⊆ G and μ(A) < ∞ ⇒ {∫
A
f −(y) dy: f ∈ Γ } is relatively norm compact in B .
(2) A ⊆ G and μ(A) < ∞ ⇒ {∫
A
f (y)dy: f ∈ Γ } is relatively norm compact in B .
3. Main result
Now we may state our principal theorem.
Theorem 8. Let G be a locally compact group with left invariant Haar measure μ and B be a
Banach space. A bounded subset Γ of the Bochner space Lp(G;B) is relatively norm compact iff
(1) for any A ⊆ G with μ(A) < ∞, the set {∫
A
f −(y) dy: f ∈ Γ } ⊆ B is relatively norm com-
pact in B ,
and one of the following is true:
(2a) for any  > 0, there exists a compact S ⊆ G and j ∈ Lp′(G) such that
∀f ∈ Γ, ‖f ‖p;G\S < 
and
∀f ∈ Γ, ‖f − j ∗ f ‖p;S < ,
where j has compact support if either G is nonabelian or p = 1;
1014 J. Isralowitz / J. Math. Anal. Appl. 323 (2006) 1007–1017(2b) for any  > 0, there exists a compact S ⊆ G and a neighborhood Θ of the identity such that
∀f ∈ Γ, ‖f ‖p;G\S < 
and
∀f ∈ Γ, h ∈ Θ ⇒ ∥∥T hf − f ∥∥
p;S < ,
where T h is the translation operator defined by (T hf )(x) = f (h−1x).
Proof. First we prove necessity for the general case of a locally compact group and 1 p < ∞.
We show that both (2a) and (2b) hold. To that end, let  > 0. Since Γ is totally bounded, there
exists {f1, . . . , fN } ⊆ Γ such that
Γ ⊆
N⋃
i=1
B
(
fi,

3
)
where B(fi, 3 ) denotes a ball of radius

3 at fi in L
p(G,B).
Choose a compact S ⊆ G such that
‖fi‖p;G\S < 2
for all i ∈ {1, . . . ,N}. Then, we have
∀f ∈ Γ, ‖f ‖p;G\S  ‖f − fk‖p;G\S + ‖fk‖p;G\S < ,
where k ∈ {1, . . . ,N} corresponds to f .
For property (2a), let V be a basis of relatively compact neighborhoods of the identity of G.
For each V ∈V, let uV = μ(V )−1χV . We show that limV∈V ‖uV ∗ f − f ‖p;G = 0 uniformly
in Γ . This holds for any f ∈ {f1, . . . , fN }, so choose V ′ such that
∀f ∈ {f1, . . . , fN }, V ⊆ V ′ ⇒ ‖uV ∗ f − f ‖p;G < 3 .
Since ‖uV ‖1;G = 1, a standard computation using Hölder’s inequality and left invariance
shows that ‖uV ∗ f − uV ∗ fk‖p;G  ‖f − fk‖p;G. Therefore, we have
∀f ∈ {f1, . . . , fN }, V ⊆ V ′
⇒ ‖uV ∗ f − f ‖p;G
 ‖uV ∗ f − uV ∗ fk‖p;G + ‖uV ∗ fk − fk‖p;G + ‖fk − f ‖p;G
 2‖f − fk‖p;G + ‖fk − j ∗ fk‖p;G
< ,
where k ∈ {1, . . . ,N} corresponds to f .
For property (2b), choose a neighborhood Θ of the identity with the property
∀k ∈ {1, . . . ,N}, y ∈ Θ ⇒
∫
G
∥∥fk(x) − fk(y−1x)∥∥pB dx <
(

3
)p
.
Thus, we have
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⇒
(∫
G
∥∥f (x) − f (y−1x)∥∥p
B
dx
) 1
p

(∫
G
∥∥f (x) − fk(x)∥∥pB dx
) 1
p +
(∫
G
∥∥fk(x) − fk(y−1x)∥∥pB dx
) 1
p
+
(∫
G
∥∥fk(x) − f (y−1x)∥∥pB dx
) 1
p
< 
by left invariance.
Finally, if μ(A) < ∞ and G is abelian, then the continuity of the map f → ∫
A
f −(x) dx
of Lp(G;B) into B implies that {∫
A
f −(x) dx: f ∈ Γ } ⊆ B is norm compact in B . If G is
nonabelian, then as we noted in the proof of Lemma 7, we only need to consider the case where
A is relatively compact. Therefore, the continuity of the map f → ∫
A
f −(x) dx easily follows.
Now we prove sufficiency. Assume that properties (1) and (2a) hold. Let {fn} ⊆ Γ and choose
any  > 0. Choose a compact S ⊆ G and j ∈ Lp′(G) so that
∀fn ∈ Γ, ‖fn‖p;G\S < 6
and
∀fn ∈ Γ, ‖fn − j ∗ fn‖p;S < 3
Moreover, since G is locally compact, we may assume that S contains the identity. Therefore,
Lemma 7 implies that (j ∗Γ )|S is relatively compact in CB(S), and so passing to a subsequence
if necessary (and assuming without loss of generality that each j ∗ fn is restricted to S), we have
that j ∗ fn → f in CB(S) for some f ∈ CB(S). Define f to be zero on G\S.
By our hypothesis and the fact that j ∗ fn → f in CB(S), we have that for all large enough
n ∈ N,
∀f ∈ Γ, ‖fn − f ‖p;G  ‖fn − f ‖p;G\S + ‖fn − f ‖p;S
 
3
+ ‖fn − f ‖p;S
 
3
+ ‖fn − j ∗ fn‖p;S + ‖j ∗ fn − f ‖p;S
 .
Hence, Γ is relatively norm compact.
Finally, we show that property (2b) implies property (2a). Choose a neighborhood Θ ′ of the
identity such that
y ∈ Θ ′ ⇒
∫
S
∥∥f (x) − f (y−1x)∥∥p
B
dx < p.
Since G is locally compact, we may assume Θ ′ is relatively compact, and so Θ ′ has nonzero
finite measure. Let j = μ(Θ ′)−1χΘ ′ .
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∀f ∈ Γ, ‖f − j ∗ f ‖p
p;S =
∫
S
∥∥∥∥f (x) −
∫
Θ ′
j (y)f
(
y−1x
)
dy
∥∥∥∥
p
B
dx

∫
S
( ∫
Θ ′
j (y)
1
p′ j (y)
1
p
∥∥f (x) − f (y−1x)∥∥
B
dy
)p
dx

∫
S
( ∫
Θ ′
j (y)
∥∥f (x) − f (y−1x)∥∥p
B
dy
)
dx
=
∫
Θ ′
(∫
S
∥∥f (x) − f (y−1x)∥∥p
B
dx
)
j (y) dy.
But for all y ∈ Θ ′, we have ∫
S
‖f (x)− f (y−1x)‖pB dx < p , and so ‖f − j ∗ f ‖p;S < . 
4. Final comments
We make two final comments. First, Theorem 1 was proven in [6] for the case where B = C,
G is an arbitrary locally compact group, and each uV = μ(V )−1χV where V is a nonempty
neighborhood of the identity, so that our theorem generalizes this result in two different direc-
tions.
Also, in the case B = C and G = Rn, Shurenkova and Buldygin [1] proved Theorem 1 for the
case when j is a function of the form ωh for some h > 0, where {ωh: h ∈ R+} is any family of
real functions in ⊆ L1(Rn) ∩ Lp′(Rn) satisfying the following:
(1) h > 0,‖ωh‖1;Rn = 1, and ωh is continuous a.e. on Rn,
(2) for any δ > 0, limh→0 ‖ωh‖p;{|x|>δ} = 0,
(3) ‖ωh‖1;Rn = 1
(here of course, we do not consider the property (3b) in the statement of Theorem 1).
Thus, considering the well-known fact that Lp(Rn) functions can be arbitrarily approximated
(in the Lp norm) by such functions [8, Chapter 9, Section 2], it is clear that our theorem is a
significant generalization of Shurenkova and Buldygin’s results.
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